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ABSTRACT
We consider the problem of binary decentralized de-
tection in large-scale, randomly deployed, dense wire-
less sensor networks. We compare the performance of
a Neyman-Pearson global detector under two different
transmission strategies. The first one is based on a cen-
soring scheme in which only the sensors with positive de-
tections try to transmit; the second being the correspond-
ing uncensored one. The aim of the paper is to deter-
mine in which situations each strategy needs less energy
to achieve a given probability of error.

1. INTRODUCTION

In recent years, much effort has been dedicated to un-
derstand the fundamental performance limits in wireless
sensor networks. The transport capacity [1, 2, 3] has
been studied for different configurations, as well as the
asymptotic performance for estimation [2, 3] and detec-
tion [4] problems. In this contribution we are interested in
comparing the performance limits of two different trans-
mission strategies in binary distributed detection in dense
sensor networks.

We consider a large-scale, randomly deployed, dense
wireless sensor network which aim is to detect the pres-
ence or not of a target. For simplicity, we assume the
position of the target to be known. We also assume a
many-to-one transmission strategy with no hops. In 1988,
Tsitsiklis [5] shown that when the number of sensors is
arbitrarily large, the optimal binary decentralized detec-
tion is achieved by identical local detection rules, and this
result has been recently extended [4] showing that using
identical transmitter is also optimal. Based on these re-
sults, we assume identical nodes performing local binary
decisions. However, we do not restrict the local detectors
to be based on a likelihood ratio, thus allowing the use
of wide used non-parametric, learning-based local detec-
tors, like in [6]. The behavior of the local detectors will
be characterized using a model in which the probability
of detection (including false alarms) of the sensor varies
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as a functionpd of the distance between the sensor and
the source or target to be detected, as proposed in [7].

Under these hypothesis, the aim of this contribution
is to compare a recently proposed censoring scheme [8]
with the corresponding uncensored one. The censoring
scheme is based on the idea that only sensors with posi-
tive detections try to transmit their positions. More elab-
orate censoring schemes has been proposed in the liter-
ature [9], but they do not apply in this setting because,
as said before, the local decision could not be based
on a likelihood ratio. The performance of the network
will be assessed by the asymptotic error probability of
a Neyman-Pearson detector against power consumption,
being the most energy demanding task the wireless trans-
mission, according to [10].

2. PROBLEM STATEMENT AND
NOTATION

A set of ` sensors are uniformly deployed in a region
D ∈ IR2 of areaS. The exploration ofD can produce,
potentially, the following data set:

{(xi, yi) : i = 1, . . . , `, xi ∈ D, yi ∈ {0, 1}}.

Each pair(xi, yi) represents the reading of a sensor lo-
cated at coordinatesxi that can detect (yi = 1), or not
(yi = 0) a specific target. However, for the sake of re-
ducing the energy consumption, and thus enlarging the
time life of the network, we assume that a parameterps,
which defines the probability of sensing, can be dynam-
ically tuned at all sensors. At every sensing instant (au-
tomatic or beacon driven), each sensor independently de-
cides to sense with a probabilityps. We denotè s ≤ `
the number of sensors that sense.

After sensing, two different kinds of sensor sets can
be defined: the set of̀d sensors with a positive detec-
tion (y = 1), whose positions are denoted by{xd

i , i =
1, · · · , `d}, and the set of̀n sensors with a negative de-
tection (y = 0), whose positions are denoted{xn

i , i =
1, · · · , `n}. Obviously,`s = `d + `n.

We propose two transmission schemes, which will be
described in the next sections, where different sets of sen-



sors try to transmit their reading to a fusion center. For
both schemes, the medium access and transmission errors
are globally modeled through a probability of transmis-
sion error, which is denoted bype.

The probability of detection of an agent located at co-
ordinatesxt, for a sensor at positionx, is denoted as

pd(xt,x, α) = P (Y = 1|Xt = xt,X = x),

whereα denotes the probability of false alarm (PFA) of
the detector. This function depends on the nature of the
specific detection process, but its general conditions are
established in [7].

Given the regionD and the position of a possible
agent or target,xt, two hypothesis are defined:H0, or
null hypothesis if a target is not present atxt; H1 or al-
ternative hypothesis if a target is present. The joint prob-
ability density function (pdf) of the observations (X, Y )
under each hypothesis is presented in [7].

3. CENSORED TRANSMISSION
SCHEME

In this section, we summarize the method proposed in
[8] introducing a slight change in notation to accommo-
date the further inclusion of the uncensored transmission
scheme. In this approach, for the sake of saving energy,
and taking into account that both sets of positions,xd

i

andxn
j , have discrimination capability, only sensors with

a positive detection (Y = 1) try to transmit their position
xd

i to the fusion center.
Because of the probability of transmission error,pe,

at the fusion center only the positions of the`a ≤ `d sen-
sors that achieved a successful transmission are available.
These positions will be labeled{xa

i , i = 1, · · · , `a}. It
is also interesting to remark the information that is not
available at the fusion center:

• The number of sensors,`n, that, after sensing, ob-
tain a negative detection (Y = 0), and the positions
of such sensors,{xn

i , i = 1, · · · , `n}.

• The number of sensors,`e, that, after sensing and
obtaining a positive detection (Y = 1), fail to
transmit their position to the fusion center, and the
positions of such sensors,{xe

i , i = 1, · · · , `e}.

Of course,̀ s = `a + `e + `n and`d = `a + `e. Note that
`a is hypothesis dependent.

3.1. Likelihood ratio

The observations are modeled by means of the random
variableΘ

Θ = [x1, · · · ,x`, `a]T .

This vector includes the possible position of all available
sensors and the number of positions available at the fu-
sion center. Without lack of generality, this vector can be
ordered as follows

Θ =
[
xa

1 , · · · ,xa
`a

,x`a+1, · · · ,x`, `a

]T
.

It must be noted that only the first`a positions are avail-
able at the fusion center. Now, the pdf of the observations
under hypothesisHj is

fΘ|H(θ|Hj) =
`a∏

i=1

fX|H,Y (xa
i |Hj , 1)

fLa|L,H(`a|`,Hj)
S`−`a

,

whereLa andL are the random variables modeling the
number of sensors that achieved a successful transmis-
sion and the total number of deployed sensors, respec-
tively. It is straightforward to obtainfX|H,Y (xi|Hj , k)
by using the definition of the probability of detection
pd(xt,xi, α)

fX|H,Y (xi|H1, 1) =
pd(xt,xi, α)∫

D pd(xt,x, α) dx
,

fX|H,Y (xi|H1, 0) =
1 − pd(xt,xi, α)∫

D [1− pd(xt,x, α)] dx
,

and

fX|H,Y (xi|H0, 1) = fX|H,Y (x|H0, 0) =
1
S

.

Therefore

fΘ|H(θ|H1) =
`a∏

i=1

pd(xt,xi, α)∫
D pd(xt,x, α) dx

fLa|L,H(`a|`,H1)
S`−`a

,

and

fΘ|H(θ|H0) =
1
S`

· fLa|L,H(`a|`,H0).

From these expressions, the likelihood ratio is

Γ =
fΘ|H(θ|H1)
fΘ|H(θ|H0)

= S`a

`a∏
i=1

pd(xt,xi, α)∫
D pd(xt,x, α) dx

fLa|L,H(`a|`,H1)
fLa|L,H(`a|`,H0)

.

The decision is usually given in terms of this ratio

γ = lnΓ
H0

≶
H1

τ.

The threshold can be obtained, for instance, by means of
asymptotic gaussianity for the Neyman-Pearson criteria
(similar to the obtained in [7]).

3.2. Modeling the number of sensors

The distribution of the number of sensors with a success-
ful transmission,La, is included in the test. Taking into
account that in the exploration region there are` sensors
and that each senses with a probabilityps, the distribu-
tion of the number of sensors that sense, modeled by the
random variableLs, is a binomial

fLs|L(`s|`) =
(

`

`s

)
p`s

s (1 − ps)`−`s ,



for 0 ≤ `s ≤ `, `s ∈ Z, whereL denotes the random
variable modeling the number of sensors inD.

Given a probability of transmission error,pe, the prob-
ability of a sensor having a successful transmission is

pt = (1 − pe) · pD,

wherepD is the probability of having a positive detec-
tion for a sensor in regionD. Obviously, this probability
depends on the underlying hypothesis, i.e.

pt|1 = (1 − pe) · pD|1,

and
pt|0 = (1 − pe) · pD|0,

where

pD|1 = E
{
pd(xt,x, α)

}
=

1
S

∫
D

pd(xt,x, α) dx,

and
pD|0 = α.

Therefore, taking into account that

fLa|Ls
(`a|`s) =

(
`s

`a

)
p`a

t (1 − pt)`s−`a ,

for 0 ≤ `a ≤ `s, `a ∈ Z, it is straightforward to obtain
the distribution ofLa under each hypothesis

fLa|L,H(`a|`,Hi) =
∑̀

`s=`a

(
`s

`a

)
p`a

t|i
(
1 − pt|i

)`s−`a ·(
`

`s

)
p`s

s (1 − ps)
`−`s ,

for 0 ≤ `a ≤ `, `a ∈ Z.

3.3. Bounds on the probability of error

We bound the probability of error in the hypothesis test
by using large deviation bounds in the form of error ex-
ponents. Ifεn is the probability of error (of some kind)
obtained withn observations, the error exponent is de-
fined as

lim
n→∞

− 1
n

ln εn (1)

In NP test, the best error exponent is given by the Stein’s
lemma [11], that applied to our problem says that for any
αn ∈ (0, 1)

lim
n→∞

− 1
n

lnβn = D(fΘ|H(θ|H0)‖fΘ|H(θ|H1)), (2)

where D(fΘ|H(θ|H0)‖fΘ|H(θ|H1)) denotes the
Kullback-Leibler (KL) divergence [11] between the
probability density functions of the observations under
each hypothesis. We will use the notationD(H0‖H1)
for short.

For the proposed censored transmission scheme, this
divergence is (see [8] for details)

Dc(H0||H1) =
∑̀
`a=0

fLa|L,H(`a|`,H0)

·
{

ln
fLa|L,H(`a|`,H0)
fLa|L,H(`a|`,H1)

− `a · lnS

− `a
1
S

∫
D

ln fX|H,Y (x|H1, 1) dx

}
,

where superindexc denotes “censored”.

4. UNCENSORED TRANSMISSION
SCHEME

In this section we consider an uncensored transmission
scheme, where both sensors with positive (Y = 1) and
negative (Y = 0) detection try to transmit their position
(xi) and reading (yi) to the fusion center. The difference
with the approach in [7] is that in this case, a probability
of sensing,ps, is considered (this is a configuration pa-
rameter, as in Section 3), and that a probability of trans-
mission error,pe, is introduced to model the errors in the
medium access and in the transmission itself. To summa-
rize, we are facing the following scenario:

• Each of thè sensors, uniformly distributed in the
exploration areaD, senses with probabilityps, giv-
ing `s ≤ ` sensors that sense.

• The number of sensors with a positive detection
(Y = 1) is denoted as̀d. Because of the probabil-
ity of transmission error,pe, only `ad ≤ `d achieve
to successfully transmit their position and reading.
These positions, which will be available at the fu-
sion center, are denoted by{xad

i , i = 1, · · · , `ad}.

• The number of sensors with a negative detection
(Y = 0) is denoted as̀n. Because ofpe, only
`an ≤ `n achieve to successfully transmit their po-
sition and reading. These positions, which will be
also available at the fusion center, are denoted by
{xan

i , i = 1, · · · , `an}.

• The total number of successful transmissions is de-
noted as̀ a, and obviously,̀ a = `ad + `an.

4.1. Likelihood ratio

Following the same methodology that for the censored
scheme, now the observations are modeled by means of
the random variableΘ

Θ = [x1,x2, · · · ,x`, `ad, `an] .

It includes the position of all sensors and the number of
available positions for both sensors with positive and neg-
ative detections. Without lack of generality, this vector
will be ordered as follows

Θ =
[
xad

1 , · · · ,xad
`ad

,xan
1 , · · · ,xan

`an
, · · · ,x`, `ad, `an

]
,



and only the values for the first`a = `ad + `an positions,
along with the values of̀ad and`an, are available at the
fusion center.

The test relies in the likelihood ratio

Γ =
fΘ|H(θ|H1)
fΘ|H(θ|H0)

.

In this case, the probability density functions of the ob-
servations under each hypothesis are, respectively

fΘ|H(θ|H1) =
`ad∏
i=1

pd(xt,xi, α)∫
D pd(xt,x, α) dx

·
`ad+`an∏
j=`ad+1

1 − pd(xt,xj , α)∫
D [1− pd(xt,x, α)] dx

·
fLad,Lan|L,H(`ad, `an|`,H1)

S`−`a
,

and

fΘ|H(θ|H0) =
1
S`

fLad,Lan|L,H(`ad, `an|`,H0).

Here,Lad andLnd denote the random variables model-
ing, respectively, the number of sensors with a positive
detection that transmitted successfully, and the number
of sensors with a negative detection that transmitted suc-
cessfully.

4.2. Modeling the number of sensors

The hypothesis test depends now on the joint probability
density (or mass function)fLad,Lan|L,H(`ad, `an|`,Hi),
which is given by

fLad,Lan|L,H(`ad, `an|`,Hi) =∑̀
`s=`ad+`an

(
`

`s

)
p`s

s (1 − ps)
`−`s

·
(

`s

`ad + `an

)
(1 − pe)

`ad+`an p`s−`ad−`an
e

·
(

`ad + `an

`ad

)
p`ad

D|i
(
1 − pD|i

)`an
.

The first binomial models the number of sensors that
sense, giveǹ and the probability of sensing,ps; the sec-
ond binomial represents the number of sensors achiev-
ing a successful transmission, given the number of sen-
sors that sense (and therefore that try to transmit) and the
probability of transmission error,pe; finally, the third bi-
nomial models the number of sensors with a positive de-
tection that achieve a successful transmission, given the
total number of successful transmissions and the proba-
bility of detection of a sensor in regionD under the un-
derlying hypothesisHi, pD|i. The value ofpD|i is the
same one as in Section 3.

4.3. Bounds on the probability of error

Again, as for the censored scheme, we obtain bounds in
the form of error exponents for the Neyman-Pearson test.
The Kullback-Leibler divergence between the pdf’s un-
der each hypothesis is, in this case

Du(H0||H1) =∑̀
`ad=0

`−`ad∑
`an=0

fLad,Lan|L,H(`ad, `an|`,H0)

·
{

ln
fLad,Lan|L,H(`ad, `an|`,H0)
fLad,Lan|L,H(`ad, `an|`,H1)

− (`ad + `an) · lnS

− `ad

S

∫
D

ln fX|H,Y (x|H1, 1) dx

− `an

S

∫
D

ln fX|H,Y (x|H1, 0) dx

}
,

where superindexu denotes “uncensored”.

5. CENSORED VS. UNCENSORED:
RESULTS USING THE “SPANISH HAT”

PROBABILITY OF DETECTION

We want to determine which one is the best option in
terms of the probability of error per unit of spent energy
in the asymptotic case, where the probability of error for
a NP test is related through (1) and (2) withD(H0||H1).

To analyze and compare the performance of the pro-
posed tests, we have used the so-called “spanish hat”
probability of detection. This model, which can be seen
as a first order approximation for any probability of de-
tection, is defined as

pd(xt,x, α) =

{
(1 − β) si ||xt − x||2 < ro

α other case
,

wherero is the sensor range, andβ is the probability of
misdetection. For the sake of simplicity, we have defined
circular exploration areasD, with radiusR, centered at
the position of the possible agent,xt.

It is straightforward to obtain the expressions in-
volved in the KL divergence for both tests that depend
on the probability of detection function for the “spanish
hat” model. For instance,

pD|1 =

(1 − β) if R ≤ ro

r2
o(1 − β) + (R2 − r2

o)α
R2

if R > ro

,

and,
pD|0 = α.

The expressions for
∫
D ln fX|H,Y (x|H1, 1) dx and for∫

D ln fX|H,Y (x|H1, 0) dx are not included because of
the space constraints, but they are straightforward.

First, we compare the performance/energy ratio
achieved for each transmission strategy. For the sake



of simplicity, we consider that energy is proportional
to the number of sensors trying to transmit their data to
the fusion center. We will label this numberLt. For the
uncensored scheme, its expected value is given by

Eu
{
Lt

}
= ` · ps.

For the censored scheme, the expected value ofLt de-
pends on the underlying hypothesis as

Ec
H0

{
Lt

}
= ` · ps · α, Ec

H1

{
Lt

}
= ` · ps · pD|1.

Figure 1 plots theD(H0‖H1) divergence, normalized
by the expected value ofLt, for the uncensored scheme
and for the censored one under both hypothesis. The
following parameters have been considered:α = 0.1,
β = 0.1, ro = 1, and 100π sensors per unity area.
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Fig. 1. DivergenceD(fΘ|H(θ|H0)‖fΘ|H(θ|H1)) nor-
malized per energy spent (proportional to the number of
sensors trying to transmit) for the “spanish hat” model
and a circular regionD centered at the position of the
possible agent to be detected,xt, as a function of the ra-
dius,R, of regionD.

The first noticeable result is that this plot allows to
define the optimal size for regionD. As expected, the
optimal size is limited in this case by the sensor range.
If the radiusR is larger thanro, theD(H0‖H1)/Lt ratio
decays. Constrained to regions withR ≤ ro, the uncen-
sored scheme provides a better ratio than the censored
scheme under hypothesisH1. However, under hypothe-
sis H0 a small number of sensors will obtain a positive
reading (Y = 1), and therefore theD(H0‖H1)/Lt ratio
for the censored scheme in this case is better than for the
uncensored scheme.

From this results, it is clear than the optimal strategy
will depend on the priors for each hypothesis,π1 andπ0.
The censored strategy will be better than the uncensored
one for low probabilities of the hypothesisH1, i.e., for
low values ofπ1, while the uncensored will be better for
high values ofπ1. There exists a threshold value which
defines the value ofπ1 where both schemes achieve the
same performance/energy ratio. For the spanish hat prob-
ability of detection with regions such thatR < ro, this

threshold is given by

πth =
Dc(H0||H1)
Du(H0||H1)

− α

1 − α − β
. (3)

If π1 > πth, then the uncensored scheme provides the
best performance/energy ratio. Forπ1 < πth, the cen-
sored scheme is more appropriate. It must be remarked
that the ratioDc(H0||H1)

Du(H0||H1)
in (3) implicitly depends onα

andβ, as well as onps, pe or `.
Figures 2 and 3 plot this threshold as a function ofα

(or β) for different values ofβ (or α), respectively. It
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Fig. 2. Thresholdπth as a function of the probability of
false alarm,α.
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Fig. 3. Thresholdπth as a function of the probability of
misdetection,β.

can be seen that the threshold is an increasing function of
β and a decreasing function ofα. Moreover, in some
cases ifα is increased enough, the expression (3) can
take a negative value. When this happens, the uncensored
scheme is always the best option. A similar behavior can
be observed at other cases ifβ is increased. In this case
the threshold can take a value greater than one. In these
cases, the censored scheme is always the best choice. In
any case, taking values forα andβ in the usual range of



practical sensors, the threshold value does not exceed the
above mentioned limit values.

Finally, the obtained results can be used to perform
the design of several parameters of the network, like
ps, or the parameters related withpe (like transmission
power, codification rule, medium access strategy, etc.).
Figure 4 plots the divergence for the censored scheme as
a function ofps andpe. Once a given discrimination level
is necessary to achieve the desired behavior, this plot can
be used to select the above mentioned parameters.

0 0.2 0.4 0.6 0.8 1
0

20

40

60

................................................................................................................................................................................................................................................................................................................................................................................................ ....
............ ................

................
................

..........
.............

.............
...........

...........
...........
......
.........
.........
........
........
........
........
.....

Forps

Forpe

Probability (pe or ps)

D
c
(H

0
‖H

1
)

Fig. 4. DivergenceDc(H0‖H1) for the censored scheme
using the spanish hat model and a circular regionD cen-
tered at the position,xt, of the possible agent to be de-
tected, as a function of the sensing probability,ps, and
the probability of transmission error,pe.

6. CONCLUSIONS

In this contribution, two transmission schemes have been
analyzed. Asymptotic measurements for the probability
of error, in the shape or error exponents, for the detection
hypothesis test, have been obtained and compared under
censored and uncensored transmission schemes in binary
sensor networks. The provided results allow to decide
the best option, in the sense of the one minimizing the
probability or error/energy ratio. The best option depends
on the priors of both hypothesis, and on the characteris-
tics of the local detector. The expression of the threshold
defining the best option has been provided for a simplified
probability of detection, named the spanish hat model.

The provided results are helpful to design several net-
work parameters, as the probability of sensing, the num-
ber of sensors per area, or the parameters related with the
probability of transmission error.

However, further work must be done to complete
these results in several ways, for instance:

• To introduce a more realistic model of the trans-
mission errors, with a dependence on the transmis-
sion load and the MAC;

• to consider the position of the target to be un-
known;

• the extension to more than one target;

• the extension to include also Bayes detectors.
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