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Abstract

This paper introduces a new model for a sensor net-
work in which sensors report information to supervi-
sors through cluster heads which are themselves se-
lected at random from the sensors. Assuming an in-
verse power law for attenuation, various shadowing
or fading models, and uniform random spatial dis-
tributions of sensors and supervisors, the probability
distribution of the number of sensors reporting to a
supervisor is obtained. The result is extended to the
case of a hierarchy of supervisors, which may or may
not themselves be sensors, each reporting to the next
level up the hierarchy.

This work was carried out within the framework of Project
A, NEWCOM, an IST Project funded by EC contract
number 507325.

1 Introduction

Sensor networks are currently generating a large lit-
erature: an overview can be found in [1, 2], while [3]
considers uniform spatial distributions of the kind ap-
pearing in this paper, which extends the analysis of [4]
to a sensor network. Sensors, distributed at random
over an infinite plane, are assigned to clusters and re-
port when required to a cluster head which in turn
reports to one of a number of supervisors. Cluster
heads are chosen from the sensors by a self-election
process triggered by a call from the supervisors, and
all sensors have the same probability of election. This
election process is repeated at intervals to share the
extra power burden involved in being a cluster head.
Supervisors are also distributed uniformly over the
infinite plane. When the self-election process is trig-
gered each randomly elected cluster head will report
to the supervisor from which it receives the strongest
signal. Non-elected sensors will likewise report to the
cluster head from which they receive the strongest sig-
nal. Thus sensors always report to the same supervi-
sor when they act as cluster heads, but may report to
cluster heads reporting to different supervisors when
they are acting purely as sensors.

Because of the random self-election procedure, clus-
ter heads are also randomly distributed on the infinite
plane. Thus we have a three-level hierarchy of nodes,
similar to the conventional two-level hierarchy of mo-

biles and base stations, with sensors acting as mobiles,
cluster heads as base stations, and supervisors as a
kind of super base station. The random distribution
at all levels means that the form of statistical analysis
adopted in [4] can be used here.

The simplest model analysed there assumes an inverse
power law for attenuation and lognormal shadowing.
The power loss in decibels at (random) distance R
from a node is

L=k +khhR+S, (1)

where ko and k; are constants, and S is a shadowing
effect, normally distributed with mean zero, variance
o2. The condition for audibility is L < I;, a constant.

2 Coverage

It may be deduced from [4] that, assuming a uniform
distribution of cluster heads, the number of cluster
heads audible to a given sensor has a Poisson distri-
bution with mean

fhe = WPCGQ(az/kf7k0/k1)62l1/k1’ (2)
where p. is the cluster head density. Much of the
following analysis will be based on this and similar
means, so it should be noted immediately that its
value is, at a cost, under the control of the system
manager. In particular, it can be increased by in-
creasing either p. or /1 (achievable by increasing either
the power of the transmitted signal or the sensitivity
of the receiver). A large mean is desirable because
the probability that the sensor is audible to no clus-
ter head is e7#<, which decreases as p,. increases. In
particular, it is about 5 percent for a mean of 3, de-
creasing below 2 percent for 4 and 1 percent for 5.
Values for u. can be obtained from [4] for a two-slope
model (for example one with a change from an inverse
square law to an inverse fourth power one at some
specified distance) and for models with hot spots, and
are also available for models with Rayleigh and Ricean
fading as well as for the so-called Suzuki distribution.
In all cases the distributions are Poisson.
For our sensor network model we assume a density p;
for individual sensors and a probability of self-election
as a cluster head p.. The density of cluster heads is
Pe = Peps and that of non-elected sensors is (1—pe)ps,



and both of these are uniformly (and independently)
distributed. Substituting these densities in (2) or the
result corresponding to any other model mentioned
above, fi.(;), the mean number of cluster heads au-
dible to a given (non-elected) sensor, and (), the
mean number of (non-elected) sensors audible to a
given cluster head are obtained. It follows immedi-
ately that

Hs(c) /ll’c(s) = (1 - pe)/pe- (3)

The probability that a given non-elected sensor is au-
dible to no cluster head is e #=(=), and this is also
the probability that it is not audible to any super-
visor, since the selection procedure for cluster heads
ensures that these are all audible to a supervisor.
Some sensors may not be audible to any supervisor:
this does not necessarily imply that the sensor is never
within range of a cluster head, but it does mean that
the sensor does not use up its quota of power as a
cluster head. The analysis above assumes the propor-
tion of such sensors is negligible: if this is not so, then
pe must be modified accordingly.

3 Load

Suppose that cluster head Cy can hear M sensors,
and that a given one of these can hear J + 1 cluster
heads. Then the probability that J = j is equal to
,u’c (S)e_“c(s) /4!, and the conditional probability, given
Jj, that Cp is the cluster head receiving the strongest
signal from this sensor is 1/(j +1). Multiplying these
probabilities and summing over j, the probablility
that Cy is the cluster head receiving the strongest
signal from the given sensor is p = (1 —e™#<)) /. (,).
This is very close to 1/p.(s), the intuitively expected
result: the term 1 —e~#<(=) arises from the sensors out
of range of any cluster head, and is very close to 1 for
any practically useful scenario. Let ¢ = 1 — p, and
define a probability generating function ps + ¢ for the
given sensor. Then the probability generating func-
tion for the number of sensors reporting to Cy, given
M = m, is (ps + ¢)™. Hence the probability gener-
ating function for the number of sensors reporting to
C() is

o P‘m e Hs(e)
> B s g,
m=0 :

which is ets©P(6=1) " and this is the probability gen-
erating function of a Poisson distribution with mean
Ks(c)P; a result which might have been expected.

Denote this mean by p; and let N; be the number
of individual sensors reporting to a given cluster head
and N> the number of cluster heads reporting to a
given supervisor, which will have a Poisson distribu-
tion with mean p» obtained by replacing p.(,) and

Us(c) above by pig(.), the mean number of supervisors
audible to a given cluster head, and p.(s), the mean
number of cluster heads audible to a given supervisor,
respectively.

For general pu; and pe and given Ny = ns, the total
number (N) of non-elected sensors reporting (through
cluster heads) to the given supervisor has a Poisson
distribution with mean nou,, and the probability gen-
erating function IIn|n,—n,(s) is therefore en2i1(s=1),
Multiplying by the Poisson probability for ns (and by
s5?) and summing, the unconditional joint probability
generating function for Ny and N is

TN, N (82, 8) = epzls2e 070 1], (4)

Putting s, = 1, the generating function for the num-
ber of non-elected sensors is

ehalert V-1 (5)

and differentiating this with respect to s and setting
s = 1 in the derivative, the mean number of non-
elected sensors reporting to the supervisor is e,
as must be expected. Putting s = s in (4), the
generating function for the total number of sensors,
elected or not, becomes

ell2[5€#1(s_1)*1]7 (6)
and the mean is now (u; + 1)po.
A second differentiation leads to the variance. In the
case of (6) it is (1 + 1)%u2 + p1 po.

4 Higher Level Hierarchy

The model can be extended to introduce one or more
levels of assistant supervisors between cluster heads
and supervisors, either self-elected from the sensors,
or distinct. They will be categorised according to
their level in the hierarchy - to be precise, a super-
visor at level n will report to one at level n + 1 in-
formation reported to it by supervisors at level n —1,
and in addition its own information if it is itself a sen-
sor. Cluster heads will occupy level 1, and individual
sensors level zero.

Let u,, be the mean number of supervisors at level
n — 1 reporting to a given supervisor at level n, and
let II,,(s) be the probability generating function for
the number of sensors whose information reaches a
given supervisor at level n. Then the reasoning used
in obtaining (5) and (6) gives

I, (s) = e" (Tn—1(s)—1] (7)

in the case when level n—1 supervisors are not sensors.
If the level n — 1 supervisors are sensors, then

I, (s) = ettt ®



The initial condition is TI; (s) = e#1(s=1).
Means and recurrence formulae for individual prob-
abilities are now obtained by differentiation. From

(7),

T (5) = pon[TTo-1(5) — 1], ©)
so, differentiating and rearranging,
oI, oI, 1
gs i — (10)

Setting s = 1, aar.l; is the mean number of sensors

whose information reaches a given level n supervisor,
and is therefore, by repeated application of (10), equal
to [Ti—, p; in the case where supervisors are not sen-
sors, but u; in this product becomes u; + 1 when level
i —1 (¢ > 1) supervisors are sensors, for then, from

(8),

InTL,(s) = pn[sHp-1(s) — 1], (11)
and oIl oIl
n o __ n—1
ds - /J/an |:5 P + Hn—l . (12)

For individual probabilities, differentiate (10) 7 times
by Leibniz’s Theorem.

oL, - rl OV, 9T HIL, 4
sttt T Z ul(r —u)! 9sv  fGsm—utl
(13)
Dividing both sides by (r 4+ 1)! and setting s = 0, the
equation may be written

T

Hn
- 1 n,u/n—1,r—u ) 14
T+11;](r U+ 1)pnuPn—t1,r—u+1, (14)

Pn,r+1 =

where py, », the probability that there are exactly r
sensors reporting to a given level n supervisor, is the
coefficient of s" in II,(s). This result applies when
level n — 1 supervisors are not sensors. If they are,
then Leibniz’s Theorem is applied to (12), and setting
s = 0 leads to the slightly different result

r
Pnyr+1 = /:_nl ;(T —u+ 1)pn,upn71,r7u- (15)

r

This gives a means of finding probabilities recursively,
illustrated and discussed in the next section.

5 Examples

The probability distribution of the load has a number
of interesting and unexpected features. The first is
illustrated with an unrealistically high probability of
self-election, corresponding to p; = 4, for which p,
is very close to 0.2, depending on the mean number
of non-elected sensors reporting to a cluster head, as

explained in section 3. Here, and in future, we use
the approximation there described to obtain a distri-
bution effectively independent of this mean number
of sensors. We also take s = 4. The distribution is
shown in Figure 1. Note that it is a discrete distribu-
tion. The mysterious dip at the beginning of the plot
is predicted by the equations: the first two probabili-
ties are e #2 and pse H1e #2. Thus the only circum-
stance in which the number of sensors reporting can
be 1 is that only 1 cluster head is reporting and no
sensors are attached to it, a very unlikely situation.

Figure 1; Number of Sensors Reporting to a Supervisor: means =4, 4
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For Figure 2 yu; is taken as 19, giving p, = 0.05 ap-
proximately, and ps is taken as 5. The plot shows
an unexpected series of bumps, which might initially
cast doubt on the numerical accuracy of the proce-
dure. This is a serious concern, since in the recur-
rence formula ( 15) each probability depends on the
previously calculated ones, hence beginning with very
small values, so errors are likely to accumulate.

Figure 2: Number of Sensors Reporting to a Supervisor: means=19,5
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However, the mean and variance of the calculated dis-
tribution agree remarkably well with the correct val-



ues, so a physical explanation must be sought, and
this is forthcoming if we return to the derivation of
the probability generating function in section 3, where
it was observed that the total number of non-elected
sensors reporting to a specified number of cluster
heads has a Poisson distribution. Figure 3 shows the
distribution of Figure 2 partitioned into contributions
from 1, 2, 3, ... cluster heads, and it is immediately
apparent that these contributions do combine to give
the plot of Figure 2. The individual plots are essen-
tially Poisson distributions, but scaled by the Pois-
son probability of the corresponding number of cluster
heads and shifted to the right by that same munber.
Thus the one with the highest peak corresponds to 4
cluster heads and is therefore a Poisson distribution
with mean 76 (4x19), shifted 4 units to the right to
include the 4 cluster heads in the count, and with all
the probabilities multiplied by 5%*e=5/4!.

x107° Figure 3: Partition of Sensors Reporting to a Supervisor: means=19,5
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This second procedure, with the combined probabil-
ity obtained by adding the probabilities for the par-
titions, is also much quicker than the recurrence for-
mula, which rapidly demands a prohibitive amount
of computing time as the means increase. In addi-
tion, probabilities can be calculated outwards from
the large values in the middle of the distributions,
hence virtually eliminating concerns about numerical
accuracy. The final figure, Figure 4, is obtained in
this way, and shows both the partition and the com-
bined probability distribution for the realistic situa-
tion in which one percent of sensors are self-elected
as cluster heads (and therefore taking p; = 99), and
the mean number of cluster heads reporting to a su-
pervisor is 100 (g2 = 100). The distribution is very
close to normality: when plotted, the normal curve is
indistinguishable from the actual distribution.

x 107 Figure 4: Number of Sensors Reporting to a Supervisor: means=99,100
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6 Conclusions

The new model gives a probability distribution for the
number of sensors reporting through cluster heads to
a supervisor, and this distribution is close to normal-
ity for realistic parameter values. The distribution
depends almost entirely on the proportion of sensors
acting as cluster heads and the mean number of clus-
ter heads reporting to a given supervisor.
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